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Mobilities of Periodic Structures in Terms
of Asymptotic Modal Properties

T. Igusa* and Y. Tangt
Northwestern University, Evanston, Illinois 60208

The natural frequencies of periodic structures lie in distinct frequency bands and become densely spaced when
the number of periodic segments is large. This paper shows that within such frequency bands the structure has
modal properties with asymptotic characteristics. This feature of periodic structures is used to develop an
asymptotic integral expression for the mobility function. The asymptotic theory provides an alternate view of
periodic structures that complements existing wave and transfer matrix based methods.
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Nomenclature
= functions related to modal mass
= constant related to modal mass
= wave speed in rod
= displacement at junction k
= axial stiffness of rod
= relative error
= force at junction k
= modal frequency response function

= mode number
= junction number of applied force
= junction number of response
= length of period segment
=7'th modal mass
= modal mass function
= lumped mass
= total number of periodic segments
= function for asymptotic mobility
= transfer matrix
= (/,7*)th element of transfer matrix
= displacement function for a periodic segment
= spatial coordinate
= location of applied force
= location of response
= mobility function
= frequency spacing function
=7'th normalized frequency spacing
=7'th natural frequency increment
= Dirac delta function
=7*th modal loss factor
= loss factor function
= logarithm of eigenvalue of transfer matrix
= mass density
= mode shape function
=7*th mode shape
= spatial domain of the structure
= natural frequency
= excitation frequency
=7'th natural frequency
= lower bound of the nib passband
= upper bound of the nib passband
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Introduction

A PERIODIC structure consists of a sequence of spatially
repeated segments. The behavior of such structures un-

der dynamic loads has been examined using wave analysis1'2
and transfer matrices.3 Recently, several new methods have
been developed using wave reflection and transmission ma-
trices,4 phase closure,5 alternative wave propagation analysis,6
and receptance theory.7

One important characteristic of periodic structures is that,
as the number of repeated segments TV increases, the natural
frequencies become densely grouped within distinct transmis-
sion passbands. This suggests examining the asymptotic pro-
perties of the structure in the limit of large TV.

Crandall8'9 and Dowell and Kubota10 proved that a wide
variety of structures have modal properties with well-behaved
asymptotic limits and demonstrated that this property pro-
vides valuable insight into dynamic analysis. They examined
spatial averages of responses to wideband and harmonic loads
and showed that the exact results converge to their asymptotic
expressions for increasing modal densities.

The present paper shows that symmetric, monocoupled pe-
riodic structures are also characterized by well-behaved
asymptotic modal properties. These properties are used to
evaluate the response of periodic structures to harmonic loads.
As the number of periodic segments increases, it is shown that
the harmonic response functions asymptotically approach an
integral form similar to that developed by Skudrzyk11'12 for
more fundamental, nonperiodic structures.

The analysis reveals two asymptotic parameters: the damp-
ing loss factor 77 and the product TVTJ. Xu13 investigated the
relationship between the parameter TVTJ and the accuracy of an
asymptotic response expression in an entirely different con-
text. It is found herein that his results also apply to periodic
structures. For sufficiently large TV??, the asymptotic limit
of small 77 yields further simplifications in the harmonic re-
sponse expressions that are similar to results obtained by
Skudrzyk11'12 for nonperiodic structures.

The paper begins with an asymptotic harmonic response
expression for arbitrary structures, which is a generalization
of Skudrzyk's results. Next, after reviewing the expressions
for the mode shapes and natural frequencies of symmetric,
monocoupled periodic structures, new expressions for the
modal masses are derived. Then it is shown how these expres-
sions can be developed into asymptotic forms. Finally, the
results are combined to develop an asymptotic integral expres-
sion for harmonic response. The asymptotic theory is illus-
trated by a continuous rod with regularly spaced lumped
masses.
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Asymptotic Mobility Analysis
Consider a continuous (not necessarily periodic) linear

structure subjected to a harmonic force exp(- /«/*) at a point
xf. The mobility Y(xrjcf,uf) is defined as the response velocity
at a point xr divided by the forcing term exp(-/co/0- One
method of obtaining the mobility function is by using modal
(normal mode) coordinates.

Let the natural frequencies, modal loss factors, and mode
shapes be denoted by co,-, ^, and <£7(jt), respectively. Define
modal masses

j=\ p(x)
n

(x) dx

where p(x) is the mass density. Also let

//(co,r/,co/-) = (co2 — /ijcoco/— coy )

(1)

(2)

be the frequency response function for an oscillator with
natural frequency co and loss factor rj. Then, it is well known
that the modal expansion for the mobility function is14

Y(xr i<*f £ <t>j(xr)<t>j(Xf)H(uj,
7=1

y) Mf (3)

Skudrzyk11'12 found that the mobility function for many
fundamental vibrating systems, including rods, beams, plates,
and cylindrical shells, can be approximated by an integral
form at sufficiently high frequencies. The basic assumption is
that the mode density is sufficiently great, and the loss factors
are sufficiently high so that individual resonance peaks cannot
be observed. The derivation of this integral form is briefly
reviewed to establish notation.

The spacing of natural frequencies is measured by a dimen-
sionless modal parameter

CO/+1-CO/ Aco/
(4)

where Aco/ = co/+ 1 - co/ . It is assumed that the modal quantities
Pj> *?/ > <£/ (*/•)» <t>j(Xf)9 and MJ vary smoothly with mode number
j so that they can be naturally extended to continuous func-
tions of frequency co. These continuous functions, which are
denoted by /3(co), 77(0)), </>(x,co), and M(co), must be consistent
with the corresponding modal quantities, i.e., at the natural
frequencies co = coy- , the functions must satisfy

0(«/) = /3/ (5)

<t>(Xr ,CO/) = 0y(*r), ,<*j) = <t>j(Xf)

(6)

(7)

(8)

Next a function is defined in terms of these modal functions,

(9)M(co)/3(co)co

Then the mobility expansion in Eq. (3) is expressed in terms of
the q function

Y(xr9Xf9uf)= -/c q(xr9xf9a)j) co/) Aco/ (10)

The final step is to consider the limiting case of closely spaced
natural frequencies: the sum in Eq. (10) converges to the
Riemann integral

y-,co) //[CO,T/(CO),CO/] dco (11)

Skudrzyk11'12 developed specific forms for the functions in
Eqs. (5), (7), and (8) for the aforementioned fundamental

vibrating systems. Herein, the integral form for the mobility is
used to study monocoupled periodic systems.

Modal Properties of Symmetric, Monocoupled
Periodic Systems

Figure 1 shows a schematic of a periodic structure. The
numbered blocks represent repeating segments, and dk and/*
are the displacements and forces at the kth junction. The
structure is monocoupled if dk and/* are scalars. In the first
part of this section, the expressions for the natural frequencies
and mode shapes of monocoupled periodic structures are re-
viewed. Then new expressions for the model masses are
derived; these are needed in the mobility expressions of the
preceding section.

The transfer matrix approach1'3 is used to develop the basic
equations for the periodic structure. If the structure is vibrat-
ing at a frequency co, the 2x2 transfer matrix T relates the
displacements and forces of two successive junctions:

fk+
__ nr

The elements of the transfer matrix,

^ [/n(co) /i2(co)l

(12)

(13)

are functions of co determined by the segment's dynamic pro-
perties. The periodic property of the structure gives the rela-
tionship between the displacements and forces at the ends of
the structure:

(14)

This relationship is needed to determine the structure's modal
properties.

If each segment is symmetric, then /n(co) = /22(^)> and the
Nth power of the transfer matrix becomes15

(15)
cosh(7V/i)

sinh(7V/>t) ^ ,-.
_sinh(Nfji)

sinh(Afyt) ^ t ^
sinh(/>t)

cosh(7V70

where
(16)

The properties of the transfer matrix and the parameter /* have
been studied in depth by Mead2 and Keane and Price.7

The modal properties of the period structure with free ends
are obtained by substituting /0 =/v = 0 into Eq. (14). It fol-
lows15 that the natural frequencies are given by the solution of

— (17)

For continuous periodic structures, there are an infinite num-
ber of solutions of Eq. (17) for eachy, where each solution
corresponds to a different passband. The lower and upper
limiting frequencies of the nth passband, which are denoted
COL(«) and co[/(«), are defined by the following conditions:

C0(/(ft- l)<COL(A2)<COu(«) (18)

dN-\

-/o /i -/i /2

Fig. 1 Forces and displacements in a periodic structure.
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l < l for COL(H)< co <u

for - l)<co<coL(«)

(19)

(20)

The mode number j in Eq. (17) ranges over all nonnegative
integers, where it is understood that coy for j < N corresponds
to the first passband, coy- for TV<y < 2N corresponds to the
second passband, and so on. The corresponding mode shapes14

at the kth junction, for k - 0, 1, . . . , N, are determined by
Eq. (14),

= cos (21)

The coordinate xk = kl is the location of the A:th junction
measured from the left end of the structure.

The modal mass Mj is defined by Eq. (1) where the domain
Q represents all values of x from 0 to TV/. Equation (21) gives
values for the mode shape only at the endpoints of the periodic
segments; the problem is to determine <£/(#) in the interior of
each segment.

Consider the periodic segment at the left end of the struc-
ture. If the left end of this segment has a unit harmonic
displacement exp(-iarf) and the right end is fixed, then, by
dynamic analysis, it is possible to obtain the displacement
w(x,co) exp( — iwt) along the entire segment. By superposition
and the use of symmetry, the jth modal displacement along
the interior of the segment is

(22)

for O<A:</. This argument can be repeated to obtain the
mode shape along the interiors of all remaining periodic seg-
ments. Substituting the mode shape result into Eq. (1), using
Eq. (21), and simplifying the series expansions yield expres-
sions for the modal masses. The derivation details are shown
in the Appendix; the final result is found to be relatively
simple:

where

—x, co)

2 y=0,TV, 2TV,
1 all other j

(23)

(24)

(25)

(26)

Mobilities of Symmetric, Monocoupled
Periodic Structures

The results of the preceding two sections are combined to
derive asymptotic integral expressions for the mobility of sym-
metric, monocoupled periodic structures. The first step is to
obtain expressions for the frequency-dependent functions
/3(co), </>(jc,oj), and M(co).

The frequency space parameter /3y is obtained using Eqs. (4)
and (17):

(27)

where the derivative is used to approximate the difference in
parenthesis. A natural definition of the function /3(co) is ob-

tained by replacing coy by co and using Eq. (17) for the deriva-
tive:

7T

= TVcoV dco
(28)

The mode shape function is obtained by combining Eqs. (17)
and (21) to yield

<t>(xk,u) = cos(A:Im/z) = cos {A: cos~ *|/ii(co)]) (29)

Finally, the modal mass function is obtained by combining
Eqs. (17) and (23)

M(co) (30)

dco

This is consistent with Eq. (23) for all values of coy except when
j = 0, N, 2TV, . . . [see Eq. (26)] that correspond to either the
upper or lower frequency of each passband. This may result in
small errors in the asymptotic results.

For an increasing number of periodic segments, the natural
frequencies become proportionately dense in each passband,
as indicated by the fact that /3(co) is inversely proportional to
TV. However, the mode shape, viewed as a function of natural
frequency, is independent of N. In addition, the modal mass is
proportional to TV, as expected. The conclusions are that the
modal properties of periodic structures do not have irregular
or discontinuous behavior for increasing TV, and that the func-
tions in Eqs. (28-30) can be used as asymptotic forms of these
properties.

The results in Eqs. (28-30) are combined to obtain an ex-
pression for the q function in Eq. (9). For an input force at
junction kf and output velocity at junction kr, which corre-
sponds to locations Xf - lkf and xr = lkr, the q function is

(31)

Substituting this into Eq. (11) yields the asymptotic integral
form for the mobility.

The q function is independent of TV. This is expected be-
cause the mobility integral in Eq. (11) is the asymptotic form
for large TV. The natural question is: What is the accuracy of
this asymptotic form?

Xu13 examined the accuracy of an asymptotic integral mo-
bility expression that is similar to Eq. (11) but was developed
for a discrete system of coupled oscillators. He derived an
error estimate in terms of the natural frequency spacing /3 and
the modal loss factor r/. The maximum relative error, which
was rigorously derived using series expansions and contour
integrals, was found to be

(32)

It would be difficult to derive a similar error estimate for
periodic structures. However, since the integral forms for the
mobility are similar, it is believed that the expression in Eq.
(32) applies herein. The final result, obtained by substituting
the expression for 13 in Eq. (28) into Eq. (32), is

expl -corjTV
dco

(33)

This shows that the asymptotic parameter is not TV but rather
the product TVrj. The expression also shows that the error
decreases exponentially as TVr; increases; the example in the
next section shows that the error can be quite small even if TV?/
is less than unity.
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This section concludes with a second asymptotic analysis of
the mobility for the case of small damping, i.e., 77—0. It is
assumed that the product Nr) is always sufficiently large so
that the first asymptotic result in Eqs. (11) and (31) remains
valid. The q function is independent of 17; the damping term
appears only in the frequency response function //(co,i7,co/) in
Eq. (11). The real part of #(00,77, co/) remains a rational func-
tion, but it can be shown by standard limit analysis16 that the
imaginary part simplifies to

Im//(co,?7,co/)-*— 6(co —co/)
2cO/

Substituting into Eq. (11) yields

7T

(34)

(35)

This shows that the real part of the mobility has an asymptotic
limit for small damping that is independent of damping. Sku-
drzyk11'12 had a similar conclusion for certain nonperiodic
structures. Equation (35) also gives a clear physical meaning to
the q function: it is proportional to the real part of the mobil-
ity in the limit of small damping.

Example Application
The results derived herein are valid for any symmetric,

monocoupled periodic structure. However, for purpose of
illustration, it is useful to apply the theory to a simple exam-
ple.

Consider a uniform rod of length M. Attached at equal
intervals / are lumped masses of magnitude WQ at the interior
points and mQ/2 at the endpoints, as shown in Fig. 2. Thus,
the periodic segments of the structure consist of a rod of
length / with masses m0/2 at the end points. It is convenient to
define the wave speed in the rod without masses, c=\lEA/p.

Expressions for the mobility are developed for arbitrary
values of the structural parameters. However, in the figures
numerical results are shown for the special case where pi = m0
and l/c = 1 s.

The element tn(u) of the transfer matrix is given by

co/ mow co/
/i 1(00) = cos ———— sin —c 2pc c (36)

Substituting this into Eq. (17) yields the frequency equation.
The natural frequencies are plotted with respect to mode num-
ber in Fig. 3 for the case where the structure has the properties
described earlier and N=10 segments. The figure also shows
the locations of the passbands, as defined by Eqs. (18-20).
Although the natural frequencies are widely spaced in the first
passband, they become more densely spaced at the higher

0 m 0/2

Fig. 2 Example periodic structure.
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Fig. 3 Natural frequencies and passbands for TV = 10.

passbands. Furthermore, as the number of periodic segments
N increases, the width of the passbands does not change;
therefore, the natural frequencies become more closely
spaced.

The behavior of the natural frequency spacing is illustrated
by a plot of the parameter /3 in Fig. 4a. To keep the result
independent of N, the product TV/3 is plotted with respect to
natural frequency. At higher passbands the product TV/3 be-
comes smaller, indicating more densely spaced natural fre-
quencies.

To obtain modal masses, the displacement function w(x,co)
is needed. For the rod with lumped masses, this is

-x)]
w(x,co) =

Substituting this expression into Eqs. (24) and (25) yields

2co/—c sin(2c~1co/) WQ
4co sin2(c ~ W) 2

- co/ cos(c ~ W) + c sin(c ~1co/
2co

(37)

(38)

(39)

The modal masses are determined by substituting these results
into Eq. (30). Figure 4b plots the continuous form of the
modal mass function in Eq. (30). To keep the result indepen-
dent of TV, the ratio M(co)/TVis plotted with respect to natural
frequency. The modal masses are large at the lower end of the
second and third passbands. This indicates that the motion of
the continuous rod is large in the interior of the periodic
segments and is small at the junctions, where the lumped
masses are located.

Figure 4c plots the q function. Within each passband, <?(co)
is small for low frequencies because of large modal masses and
is large for high frequencies because of small frequency spac-
ing.

Figures 5a and 5b show the real and imaginary parts of the
driving-point mobility function, where the harmonic force and
velocity response are both at the left end of the periodic
structure and the loss factor is 77 = 0.02. Exact results, com-
puted using standard transfer matrix analysis,15 are plotted for

a)

b)

c) 0.01
" 0 2 4 6

co (rad/sec)
Fig. 4 Continuous modal functions: a) normalized frequency spac-
ing, b) normalized modal mass and c) q function.



2524 IGUSA AND TANG: MOBILITIES OF PERIODIC STRUCTURES

a)

b)
:• :i

0 2 4 6 8
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Fig. 5 Mobility function for TV = 10 and iy = 0.02: a) real part, b)
imaginary part, - - - - - exact, and ——— asymptotic.
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Fig. 6 Percent error of mobility function: - - - - - TV

4.5

10, i/ =
TV = 20, 17 = 0.02; - - - TV = 20,0.02; - - - - JV = 10, -n = 0.04;

r, = 0.04.

7V = 10 and are compared with the asymptotic mobility given
in Eq. (11). The exact mobility has clearly defined resonance
peaks in the first passband because the frequencies are widely
spaced. Therefore, the asymptotic mobility is not expected to
be accurate in this frequency range. (However, the asymptotic
result follows the general trend of the fluctuating exact curve.
This suggests that the mean-value method proposed by Sku-
drzyk12 may be applicable to the analysis of the response at
this passband.) At higher passbands, where the natural fre-
quencies are more densely spaced, the asymptotic results
match the exact curves more closely.

Figure 6 examines the relative errors of the asymptotic
mobility for frequencies in the second passband. Four curves,
obtained by comparing exact and asymptotic analyses for rj =
0.02 and 0.04 and N = 10 and 20, are shown. The errors for
N = 10 and 77 = 0.04 are nearly equal to those for TV = 20 and
77 = 0.02. This agrees with Eqs. (32) and (33), which show that
the error depends on the product Ny.

To evaluate the accuracy of the error estimate, Eq. (33) is
evaluated at co = 3.5 rad/s, which corresponds to the maximum
value of the error in the second passband. The results are
em =42.3% for 7X^ = 0.2, em =8.5% for Afr? = 0.4, and em =
0.35% for 7V?7 = 0.8. The results are reasonable for the first
two cases. However, in the last case the true error is larger
than the estimate, which indicates that there is another source
of error in the analysis. This additional error, which is around
1%, may have several possible origins: the slight inconsis-
tency of the modal mass function noted after Eq. (30), the fact
that the error estimate in Eqs. (32) and (33) was developed for
a much simpler problem,13 and the round-off error in the
numerical computations.

To investigate the limit of small damping, a periodic struc-
ture with TV = 100 and r/ = 0.004 is studied. The real part of the
mobility is computed using exact equations and compared
with the small-damping asymptotic result in Eq. (35). The
results, which are plotted in Fig. 7, confirm that the real part
of the mobility is proportional to the q function.

3.0 3.5 4.0
(Of (rad/sec)

4.5

Fig. 7 Real part of the mobility function for TV = 100 and 17 = 0.004:
- - - - exact; ——— asymptotic.

S
2 0

a)

b)
3.0 3.5 4.0

co (rad/sec)
4.5

Fig. 8 Modal functions for cross mobility between 1st and 10th
segments: a) mode shape function; b) q function, - - - driving-point
mobility, ——— cross-mobility.

0.3

a) -0.3
0.3

b) -0.3
3.0 4.53.5 4.0

(Of (rad/sec)
Fig. 9 Cross mobility between 1st and 10th segments: a) real part; b)
imaginary part, - - - - - exact, i; = 0.02; ——— asymptotic, 17 = 0.02;
_ _ _ _ - . exact, 17 = 0.04; - - - - asymptotic, ij = 0.04.

Figures 5-7 are for the driving-point mobility where the
velocity response is determined at the same location as the
point of application of the input force. To consider the cross
mobility between different points, the mode shape function
<£(*£, co) in Eq. (29) must be evaluated and substituted into the
q function in Eq. (31). For a force applied at the left end of the
structure and the velocity response at the 10th junction, the
mode shape function 0(*io» <*0 and the corresponding q func-
tion are shown in Figs. 8a and 8b. For comparison, the q
function for the driving-point mobility is also shown in
Fig. 8b. As expected, </>(x10, <°)is oscillatory, which makes the
q function also oscillatory. This leads to two predictions: the
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mobility will be oscillatory with respect to the forcing fre-
quency, and the magnitude of the mobility will decrease for
increased damping. The second prediction will occur because
oscillations of the q function in the integrand in Eq. (11) will
cause cancellation effects. These cancellation effects are more
pronounced when //(co,?y,ct>/) becomes a smoother function of
o>, that will occur as 17 increases.

These predictions are confirmed by plots of the real and
imaginary parts of the cross mobility in Figs. 9a and 9b. The
exact and asymptotic cross mobilities for 77 = 0.02 and 0.04 and
TV = 40 are shown in each figure. The asymptotic cross mobil-
ities are virtually indistinguishable from the exact results. The
plots also show that the cross mobilities are oscillatory with
amplitudes that decrease as the damping increases from rj =
0.02 to 0.04.

Summary and Conclusions
Harmonic response expressions are developed for symmet-

ric, monocoupled periodic structures using asymptotic tech-
niques. The approach offers a different view of periodic struc-
tures that complements existing wave and transfer matrix-
based methods. The following conclusions are made:

1) Periodic structures have modal properties with well-be-
haved asymptotic behavior. This permits the use of asymptotic
modal techniques, originally set forth by Crandall8'9 and Dow-
ell and Kubota,10 to the systematic study of such structures.

2) After the first passband, the modal expansions for the
mobility function converge exponentially to an integral form
with respect to the parameter Nrj. This integral form is a
generalization of that developed by Skudrzyk11'12 for more
fundamental (nonperiodic) structures. The error estimate is
found to be similar to one developed by Xu13 for a simpler
problem.

3) The asymptotic form of the mobility is related to a func-
tion defined over each passband in terms of asymptotic modal
properties. This function is independent of the number of
periodic segments and the modal loss factor.

4) In the limit of small damping, the real part of the mobil-
ity is directly proportional to the aforementioned function.

5) A modal interpretation is given for the behavior of cross
mobilities between separate points of the periodic structure.
This interpretation shows dependence on the distance between
the points on the structure and on the modal loss factors and
independence with respect to the total number of periodic
segments.

Appendix
The modal mass is obtained by extending the mode shape

expression in Eq. (22) to the entire periodic structure and
substituting the result into Eq. (1). The result of the integra-
tion is

where A(u>) and B(u>) are given in Eqs. (24) and (25). This is
simplified by making use of the following identities:

N /

p[* + (*-!)/]

dx

k=l

N ki-K NT""̂  0 J£ cos2 ——=-
k=\ N 2

(k-\)j-K kj-K N

(A2)

(A3)

- !)/]«/*/) (Al)

where j is any integer. Substituting Eqs. (21), (A2), and (A3)
into Eq. (Al) yields the final expression for the modal mass in
Eq. (23).
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